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Abstract 

We study the minimum interval deletion problem that asks for the removal of a set of at most k vertices 
to make a graph of n vertices into an interval graph. We present a parameterized algorithm of runtime 
10'' • n°'^' for this problem, i.e., we show that the problem is fixed-parameter tractable. 

1 Introduction 

a graph is an interval graph if its vertices can be assigned to the intervals of the real line such that there is 
an edge between two vertices if and only if their corresponding intervals intersect. Interval graphs are the 
natural models in many applications, among v^fhich the most cited ones include DNA chains in biology [|3ll . 
which actually initiated and motivated the study of interval graphs [17], and jobs scheduling in industrial 
engineering [2j. As induced cycles of more than 3 vertices (called holes) cannot be represented by intervals, 
an interval graph contains no hole. In other words, interval graphs are a subset of chordal graphs, which 
are exactly the set of hole-free graphs. This containment is proper as there are chordal graphs that cannot 
be represented by intervals. It is known that a chordal graph is an interval graph if and only if it contains no 
asteroidal triple, i.e. three vertices each pair of which is connected by a path avoiding neighbors of the third 
one |[17|. 

The properties and the recognition of interval and chordal graphs are well understood; in particular, 
many NP-hard problems (coloring, maximum independent set, etc.) are known to be polynomial solvable 
when restricted to these classes of graphs. Therefore, one would like to generalize these results to graphs 
that do not belong to these classes, but close to them in the sense that have only a few "erroneous"/"missed" 
edges or vertices. For such generalizations, one would like to know how far the given graph is from the 
class and to find the erroneous/missed elements. This leads us naturally to the area of graph modification 
problems, where given a graph G, the task is to apply a minimum number of operations on G to make it a 
member of the class IF. Depending on the operations we allow, we can consider completion (edge addition), 
edge deletion, and vertex deletion versions of these problems. Many classical graph-theoretic problems can 
be formulated as graph deletion to special graph classes. For instance, vertex cover, feedback vertex 
SET, CLUSTER VERTEX DELETION, and ODD CYCLE TRANSVERSAL problems Can be viewed as a vertex deletion 
problem where the class J is the class of all empty graphs, trees, clusters, and bipartite graphs, respectively. 

Unfortunately, most of these problems are NP-hard: for example, a classical result of Lewis and Yan- 
nakakis [18J shows that the vertex deletion problem is NP-hard for every nontrivial and hereditary class 
5". Therefore, early work of Kaplan et al. II14I1 and Cai ||6[| focused on the fixed-parameter tractability of 
modification problems. Recall that a problem, parameterized by k, is fixed-parameter tractable (FPT) if there 
is an algorithm with runtime f(k) • n°'^', where f is a computable function depending only on k [9|. Ka- 
plan et al. [14] and Cai |[6ll observed that if a hereditary graph class J can be characterized by a finite 
number of forbidden (induced) subgraphs, then the fixed-parameter tractability of the modification problem 
follows from a basic bounded search tree algorithm. However, many important graph classes, such as trees, 
bipartite graphs, or chordal graphs have minimal obstructions of arbitrary large size (cycles, odd cycles, 
and holes, repsectively) . It is much more challenging to obtain fixed-parameter tractability results for such 
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classes, see results, for example, on bipartite graphs [1211 11511 . planar graphs II201 11511 . acyclic graphs lj3, 
and minor-closed classes 111 1 1011 . 

Even though chordal graphs have minimal obstructions of unbounded size, chordal completion (make 
the graph chordal by the addition of at most k edges) can still be solved by a bounded search tree algorithm 
by observing that a large hole immediately implies a negative answer to the problem [14, 6]. No such simple 
argument works for chordal deletion (make the graph chordal by removing at most k edges/ vertices) and 
its fixed-parameter tractability was obtained by a completely different and much more complicated approach 
|[T9l| . Observing the fixed-parameter tractability of chordal completion, Kaplan et al. [14[ asked if the 
apparently harder interval completion problem is FPT as well. Villanger et al. [|22l resolved this question 
by giving a k,^'^ -11°'^' time algorithm for interval completion. In this paper, we answer the complementary 
question about the vertex deletion version of the problem, resolving the perhaps most natural remaining 
open question in the area: 

Theorem 1.1 (Main result). There is a 10^ ■ n°'^' algorithm/or deciding if there is a set of at most k vertices 
whose deletion makes the graph G an interval graph. 

Let us point out that, in a sense, interval deletion is inherently harder than interval completion. The 
reason is that in the interval completion problem one can first use a simple bounded search tree algorithm 
to try every minimal way of completing all the holes; therefore, one can assume that the graph is chordal. 
On the other hand, the number of minimal ways of breaking the holes by removing vertices is not bounded 
by a constant and it is not clear how the very complex chordal deletion algorithm of [19] is of any help 
for INTERVAL DELETION. Indeed, we spend significant effort in the present paper to ensure that the graph is 
chordal. We overcome this difficulty by developing a reduction rule based on the modular decomposition of 
the graph and by analyzing the structural properties of reduced graphs. It turns out that the holes remaining 
in a reduced graph interact in a very special way (each hole is fully contained in the closed neighborhood 
of any other hole) . This property allows us to prove that the number of minimal ways of breaking the holes 
is polynomially bounded, thus a simple branching step can reduce the problem to the case when the graph 
is chordal. As another consequence of our reduction rule, we can prove that this chordal graph already has 
a structure close to interval graphs (it has a clique tree that is a caterpillar). We can show that in such a 
chordal graph, asteriodal triples interact in a well-behaved way and we can find a set of 10 vertices such 
that there always exists a minimum solution that contains at least one of these 10 vertices. Therefore, we 
can complete our algorithm by branching on the deletion of one of these vertices. 

2 Outline 

The purpose of this section is to describe the main steps of our algorithm at a high level. We say that a set 
Q C V(G) is an interval deletion set if G — Q is an interval graph. An interval deletion set Q is minimum if 
there is no strictly smaller interval deletion set, and it is minimal if no proper subset Q' c Q is an interval 
deletion set. A minimal forbidden induced subgraph is an induced subgraph G [U] that is not an interval graph, 
but G[U'] is an interval graph for every proper subset U' c U. A minimal forbidden set is a set of vertices 
inducing a minimal forbidden induced subgraph. Clearly, set Q is an interval deletion set if and only if it 
intersects every minimal forbidden set. Our goal is to find an interval deletion set of size at most k. For 
technical reasons, it will be convenient to define the problem as follows: 

INTERVAL deletion: Given a graph G and an integer k, return 

• if an interval deletion set of size ^ k exists, a minimum interval deletion set Q c V(G); 

• if no interval deletion set of size ^ k exists, "NO". 

PHASE 1: Reductions. The first phase of the algorithm applies two reduction rules exhaustively. Each 
reduction rule either simplifies the instance or branches into a constant number of instances with strictly 
smaller parameter value. The first reduction rule is fairly simple: we destroy every forbidden induced 
subgraph of size at most 10. 

Reduction 1. [Small Forbidden Induced Subgraphs] Given an instance (G, k) and a minimal forbidden set 
X of no more than 10 vertices, we branch into |X[ instances, (G — v, k — 1) /or each v G X. 

A graph on which Reduction [T] cannot be applied is called prereduced. By definition, each minimal 
forbidden induced subgraph that witnesses an asteroidal triple or hole in a prereduced graph contains at 
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least 11 vertices. It can be checked in polynomial time whether Reduction [T] is applicable by enumerating 
every set X of size at most 10. 

The second reduction rule is less obvious and more involved. Recall that a subset M of vertices forms a 
module if each vertex in M has the same neighbors out of M. A module M of G is nontrivial if 1 < |M| < 
|V(G)|. We observe (see Section [4l2] ) that a minimal forbidden set X of at least 5 vertices is either fully 
contained in a module M or contains at most one vertex of M. Moreover, if X n M = {x}, then replacing x 
by any other vertex x' e M \ {x} in X results in another minimal forbidden set. This permits us to branch on 
modules, as described in the following rule. 

Reduction 2. [Main] Given an instance I — (G, k) where the graph G is prereduced, and a nontrivial module 
M that does not induce a clique. 

1. If every minimal forbidden set U is contained in M, then return the instance (G[M], k]. 

2. If no minimal forbidden set is contained in M, then return the instance (GM,k), where Gm is obtained 
from G by inserting edges to make G [M] a clique. 

3. Otherwise, we solve three instances: Ii = (G — M, k - |M|), h = (G[M], k - 1), and h = (G', k — 1), 
where G' is obtained from G by replacing M with a clique M' o/ (k + 1) vertices; let Qi, Q2, Q3 be the 
solutions of these instances, respectively. We return either Qi U M or Q2 U Q3 ("NO" when IQ2 U Q3I > k), 
whichever is smaller 

That is, in the third case we branch into two directions: the solution is obtained either as the union of 
M and the solution of Ii, or as the union of solutions of I2 and I3. The two branches correspond to the 
two cases where the solution fully contains M or only a minimum interval deletion set of G[M] (i.e. Q2), 
respectively. Note that in the the second branch, the vertices of the (k + l)-clique M' are not part of Q3, 
which is minimum and of size ^ k; hence Q2 U Q3 is indeed a subset of V(G). Moreover, we have to clarify 
what the behavior of the reduction is if one of Qi, Q2, Q3 is "NO." If Q2 or Q3 is "NO," then we define 
Q2 U Q3 to be "NO" as well. If one of Qi and Q2 U Q3 is "NO," we return the other one; if both of them are 
"NO," we return "NO" as well. 

A graph on which Reductions[T]and|2]are not applicable is called reduced; in such a graph, every nontrivial 
module induces a clique. In Section|4l we prove the correctness of the reductions and that it can be checked 
in polynomial time if a reduction rule is applicable. Hence after exhaustive application of the reduction 
rules, we may assume that the problem instance is reduced. 

The reductions are followed by a comprehensive study on reduced graphs that prove two crucial combi- 
natorial statements. A vertex is called simplicial if its neighborhood induces a clique. The first combinatorial 
statement shows that every asteroidal triple has a simplicial vertex. In fact, we prove a slightly stronger 
statement, which shows that the so-called "shallow terminal" of the asteroidal triple is simplicial. Of an 
asteroidal triple {x, y, z} witnessed by a minimal forbidden induced subgraph that is not a hole, we say that 
X is a shallow terminal if the defining path between y and z has length strictly larger than 3. As we shall see 
in Section RTTl every minimal forbidden induced subgraph of size at least 11 and different from a hole has a 
shallow terminal. 

Theorem 2.1. [Simplicial terminals] Let Gbe a reduced graph, then all shallow terminals in G are simplicial. 

The way we show that a shallow terminal is simplicial is by showing that it is contained in a module 
whose neighborhood is a clique. If Reductions |2] cannot be applied, then this module induces a clique and 
every vertex in it is simplicial. 

We say that two holes are congenial to each other if each hole is in the closed neighborhood of the other 
hole. It turns out that the holes are pairwise congenial in a reduced graph. 

Theorem 2.2. [Congenial holes] Let G be a reduced graph that is not chordal, then all holes of G are 
congenial to each other 

PHASE 2: Breaking holes. Theorem l2.2l is of fundamental importance for the second phase, where we want 
to get rid of holes. Observe that Theorem 12.21 implies that if v is a vertex of a hole, then N [v] intersects every 
hole and thus makes a hole cover. Intuitively, this suggests that a minimal hole cover has to be very local in 
a certain sense. Indeed, by relating minimal hole covers in the reduced graph and minimal separators in the 
subgraph G — N[v], we are able to establish a quadratic bound on the number of minimal hole covers, and 
more importantly, a cubic time algorithm to construct them. 
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Theorem 2.3. [Hole covers] Let G be a reduced graph. Then G contains at most minimal hole covers, and 
they can be found in (3{n^) time. 

Any interval deletion set must be a hole cover, and thus contain a minimal hole cover This allows us to 
branch into at most instances, each of which has a chordal graph. Note that this branching is applied 
only once, hence only a polynomial factor will be induced. 

PHASE 3: Asteroidal triples in a caterpillar decomposition. As all the holes have been broken, the graph 
is already chordal at the onset of the third phase, and it remains to destroy remaining asteroidal triples. 
Note that after removing some vertices, the graph remains prereduced and it is still true that every shallow 
terminal is simplicial (Theorem 12. ID Q The removal of all simplicial vertices breaks all asteroidal triples, 
hence makes an interval graph. This implies that the chordal graph at this stage has a very special structure: 
it has a clique tree decomposition where the tree is a caterpillar, i.e., a path with degree-1 vertices attached 
to it. In other words, all those vertices that do not define any asteroidal triples can be arranged in a linear 
way, which greatly simplifies the examination of interactions between asteroidal triples. As a consequence, 
we can select an asteroidal triple that is minimal in a certain sense, and single out 10 vertices such that there 
must exist a minimum interval deletion set destroying this asteroidal triple with one of these 10 vertices. We 
can now safely branch on removing one of these 10 vertices. 

Theorem 2.4. [ATs in chordal graphs] There is a 10^ ■ n°'^' time algorithm for the interval deletion 
problem when the input graph is prereduced, chordal, and every shallovi/ terminal is simplicial. 

Putting together these steps, the fixed-parameter tractability of interval deletion follows (see Figure[Tl) . 



Algorithm Interval-Deletion(G, k) 

input: a non-interval graph G and a positive integer k 

output: a minimum interval deletion set Q C V( G ) of size ^ k or "NO". 

1 Reduction[T] Let U be a minimal forbidden induced subgraph of at most 10 vertices; 

branch on deleting one vertex of U. 
\\ the graph will then be prereduced and remains so henceforth; 

2 Reduction|2l Let M be a nontrivial module of G not inducing a clique. 

2.1 if all minimal forbidden sets of G are contained in M then 

return Interval-Deletion ( G [M], k] . 

2.2 else if no minimal forbidden set is contained in M then 

return Interval-Deletion ( G k), where edges are inserted to make G [M] a clique. 

2.3 else branch into three instances Ii, I2, I3; 
\\ the graph will then be reduced; 

3 Use the algorithm of Theorem l2.3l to enumerate the at most minimal hole covers of G . 

\\ the graph might not remain reduced, but is prereduced and chordal, and every shallow terminal is simplicial; 

4 for each minimal hole cover H C do 

4.1 Use the algorithm of Theorem[2Hto solve (G - HC, k - |HC|); 

5 return the smallest solution obtained, or "NO" if all solutions are "NO". 



Figure 1: Outline of algorithm for interval deletion 



Proof ( of Theorem M.lh The algorithm described in Figure [T] solves the problem by making recursive calls to 
itself, or calling the algorithm of Theorem |2.4l f n^l times. In the former case, at most 10 recursive calls are 
made, all with parameter value at most k — 1. In the latter case, the running time is lO'^ • n°'^'. It follows 
that the total running time of the algorithm is lO'^ ■ n'-''^'. □ 

The paper is organized as follows. Section [3] sets the definitions and reviews some basic facts. Section|4] 
presents the details of the first phase. The next four sections are devoted to demonstrate the correctness of 
Theorems l2.1H2.4l Sections[5]and[6]put shallow terminals and congenial holes under thorough examination, 
and prove combinatorial statements Theorems 12 . 1 1 and 12.21 respectively. Section [7] proves Theorem l2.3l (the 
bound on the minimal hole covers) and Section [8] presents the algorithm that destroys asteroidal triples and 
proves Theorem |2.4[ Section |9] closes this paper by some possible improvement and new directions. 

DISCLAIMER. Independent of our work, Arash Rafiey and some anonjnnous author(s) claim a similar result 

with an approach different from ours (available at: h ttp : //folk . uib . iio/ara099/publicat ioii/edge_vertex . pdf p . 

^ However, the graph might no longer be reduced, as new nontrivial non-clique modules can appear. We could run the reduction of 
Phase 1 again to obtain a reduced instance, but there is no reason to do so at this point. 



4 



We both start from graphs without small forbidden induced subgraphs, however our main steps divert there- 
after. We start with a rather simple reduction and perform a deep combinatorial study of reduced graphs. 
This allows us to get rid of holes first, and then we focus on the remaining asteroidal triples. Their work 
handles asteroidal triple first, and then holes. In particular, it claims to be able to locate a special asteroidal 
triple in a greedy way to branch on and then to break holes that are found also in a greedy way, but we have 
encountered some difficulties in fully verifying the correctness of these steps. 

3 Preliminaries 

All graphs discussed in this paper shall always be undirected and simple. A graph is given by its vertex set V 
and edge set E, whose sizes are n — |V| and m — |E| respectively. If a pair of vertices vi and V2 are connected 
by an edge, they are adjacent to each other, and denoted by vi V2, otherwise non-adjacent and denoted by 
vi -/ V2- By V ~ X we mean v is adjacent to at least one vertex of the set X. Two vertex sets X and Y are 
completely connected ifx~y for each pair of x e X and y eY. A graph is complete if each pair of vertices are 
adjacent. A clique in a graph is a subgraph that is complete, and a clique is maximal if it is not contained in 
another clique. A neighbor of a vertex is another vertex that is adjacent to it, and the set of neighborhood of 
a vertex v is denote by N (v). The closed neighborhood of v is defined as N [v] = N (v) U{v}. This is generalized 
to a vertex set U, whose closed neighborhood and neighborhood are defined to be N[U] — Uveu ^^i'^ 
N(U) = N[U]\U. The Nu(v) (NuM) stands for the neighbors of v in the set U, i.e. Nu(v) = N(v) n U 
(N u M = N (v) n U), and it is immaterial whether v G U or not. A vertex is simplicial if its neighbors induce 
a clique. The subgraph of a graph G induced by a subset of vertices U is denoted by G [U], and G — U is used 
as a shorthand for G [V \ U] . All subgraphs mentioned in this paper are induced; hence a subgraph G ' of G 
isproper if and onlyifV(G') c V(G). 

A sequence of distinct vertices vqVi . . . vi such that vt ~ Vi+i for each < i < I is called a path, or a 
vq-vi, path when the two end vertices are of special interest, and its length is defined to be I. If I > 1 and 
vo ~ vi, then the sequence vqVi . . .viVq is called a cycle, whose length is defined to be I + 1. As an abuse 
of notation, by u G P ( or u e C) we mean that the vertex u appears in the path P (or cycle C), i.e. we 
also consider a path (or cycle) as the set of elements in the sequence. A chord in a path or cycle is an edge 
between two non-consecutive vertices in the path or cycle (note that the edge vqVi, if exists, is a chord in 
the path vqVi . . . vi, but not in the cycle vqVi . . .viVq). A chordless cycle of length at least 4 is called a hole. 
It is easy to verify that no shortest path can contain a chord, so between each pair of vertices of a connected 
graph there is a chordless path. A graph is chordal if any cycle of length at least 4 contains a chord, in other 
words, the graph contains no hole. 

Chordal graphs enjoy several important and related characterizations. A set of vertices S is an x-y separa- 
tor if there is no x-y path in the subgraph G — S, and minimal x-y separator if no proper subset of S separates 
X and y. For any pair of vertices x and y, a minimal x-y separator is also called a minimal separator. A graph 
is chordal if and only if each minimal separator in it is a clique [|8ll . A nontrivial chordal graph contains at 
least two simplicial vertices, and there is at least one simplicial vertex in each connected component after 
the removal of any separator. 

A tree T whose nodes are the maximal cliques of a graph G is a (maximal) clique tree of G if it satisfies 
the following conditions: any two adjacent nodes K| and defines a minimal separator that is n Kjj for 
any vertex x G V, the cliques containing x correspond to a subtree of T. A graph is chordal if and only if it 
has such a clique tree. A clique tree of a graph G will be denoted by T(G), and when the graph G is clear 
from the context, we use 7. Without distinguishing the node in a clique tree and the maximal clique in the 
graph G corresponding to it, we use K to denote both. A set of vertices is a minimal separator of G if and 
only if it is the common vertices of K| n Kj , denoted by Stj , for an edge Ki,Kj in T [ 5 j . Moreover, Ki n Kj for 
an edge KiK, in T is a minimal x-y separator for any x G Ki \ Kj and y G Kj \ K^. Since there are at most n 
maximal cliques in a chordal graph of n vertices [8J, a clique tree T is simpler than G, and commonly called 
a compact representation of G. 

As an interval graph is chordal, all the above properties also apply to interval graphs. Moreover, the 
clique tree of interval graphs admit one more characterization, which implies that the clique tree of an 
interval graph is always a path.. 

Theorem 3.1 ([llj). A graph G is an interval graph if and only if the maximal cliques of G can be linearly 
ordered such that, for each vertex v, the maximal cliques containing v occur consecutively. 

We direct the reader to ll4l [T2ll for more detailed studies on chordal graphs and interval graphs. 
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4 Reduction rules and branching 



This section discusses the reduction rules described in Section |2] in more detail. Section [TT] provides more 
details about Reduction [T] (removing small forbidden induced subgraphs), while Section 14.21 proves the 
correctness of Reduction [2] (reduction on modules). 



4.1 Forbidden induced subgraphs 

Three vertices form an asteroidal triple if each pair of them is connected by a path that avoids the neighbors 
of the third vertex. As an abuse of notation, we also use asteroidal triple (AT) to refer to the subgraph 
induced by union of these three paths, and the three defining vertices will be called terminals of this AT. 
By definition, the terminals are non-adjacent. Lekkerkerker and Boland observed that a graph is an interval 
graph if and only if it is chordal and contains no AT 117). Not stopping here, they rolled up their sleeves 
and got their hands dirty by checking each possible forbidden induced subgraph. Their effort brought the 
following less beautiful but more useful characterization, here a minimal non-interval graph refers to a graph 
G whose every proper induced subgraph is an interval graph but itself is not. 

Theorem 4.1 ([17]). A minimal non-interval graph is either a hole or an asteroidal triple depicted in Figure^ 



tl tl tl tl 




bo bi b2 bi bd-i bd ba+i bo bi b2 bi bd_i bd bd+i 

(e)t-AT(s:c:l,B,r) {|B| ^ 3) (f) J-AT (s : Ci, C2 : 1, B, r) (|B| ^ 2) 



Figure 2: Minimal asteroidal triples in a chordal graph (terminals are marked as squares). 



Some remarks are in order First, it is easy to verify (by picking any three non-adjacent vertices from it 
as terminals) that a hole of 6 or more vertices satisfies the definition of AT, but following convention, we 
only refer it as a hole, and reserve the term AT for graphs listed in Figure [2j Second, the set of ATs depicted 
in Figure |2] are not a literal copy of Lekkerkerker and Roland's original list |17|. More specifically, a net is 
actually a f-AT with d = 2, and a tent is actually a ^:-AT with d = 1. We single out the net and tent for 
the convenience of later presentation. To avoid ambiguities, in this paper we explicitly require the length of 
the longest defining path of a f-AT and a J-AT to be at least 4 (d ^ 3) and 3 (d ^ 2) respectively. Third, 
each of the four subgraphs at the first row consists of constant number (6 or 7) of vertices, and thus can 
be easily located and disposed of by standard enumeratior0. For the purpose of the current paper, we are 
mainly concerned with the two kinds of ATs at the second row, whose sizes are unbounded. In the three 
paths defining a f-AT (J-AT resp.), two of them have length exactly 3 (2 resp.), and the other strictly larger 
than 3 (2 resp.). Among the three terminals, the one of distance 3 (a j-AT) or 2 (a J-AT) to both other 
terminals is called the shallow terminal, whose neighbor(s) are the center(s). The other two terminals, i.e. 
ends of the long defining path (length > 3), are called base terminals. All other vertices form the base, which 
is a sub-path of the long defining path. We use (s : c : I, B, r) ((s : Ci,C2 : I, B,r) resp.) to denote the 
j-AT (t-AT resp.) with shallow terminal s, center c (centers ci and 02 resp.), base terminals I, r, and base 
B = {bi, . . . , bd). As a notational convenience, we will also use bo and bd+i to refer to the base terminals I 
and r, respectively. The center(s) and vertices in the base are called non-terminal vertices. 

Observe that none nonterminal vertex of the graphs appearing in Figure [2] is simplicial, and holes do not 
have simplicial vertices either: 

^The whipping top is also kind of special, in the sense that its three terminals are not symmetric. Also, with one edge removed it 
contains a net as a proper subgraph, and with two edges it turns into a f-AT with d = 3. 



6 



Proposition 4.2. No non-terminal vertex of an AT can be simplicial. 

A small forbidden induced subgraph is a small asteroidal triple T or a short hole H that consists of at 
most 10 vertices. In 0[n'^) time we can find a small forbidden induced subgraph subgraph by checking each 
three vertices to see they are three consecutive vertices of a hole, or the terminals of an AT, and finding the 
path(s) accordingly. A graph on which Reduction [T] is not applicable is called prereduced. Hence any AT or 
hole in a prereduced graph contains at least 1 1 vertices, and in particular it cannot be a long claw, whipping 
top, net, or tent. The base of a f-AT (|-AT resp.) in a prereduced graph contains at least 9 (8 resp.) vertices. 

The purpose of the following two propositions and a detailed proof is twofold. This special structure 
arises frequently in this paper and we do not want to repeat it again and again. This argument is exemplary 
in the sense that, by and large, most proofs of this paper exploit a similar contradictory arguments: They 
explicitly construct a forbidden induced subgraph, either a small AT or a short hole, assuming the property 
under discussion does not hold; because all graphs discussed henceforth are prereduced, such a contradiction 
will suffice to prove the desired property. 

Proposition 4.3. Let P = (vq . . . Vp ) be a chordless path of length j) A ina prereduced graph G, and u is a 
adjacent to every vertex of P. Then N [vf] C N [u] for each 2 ^ £ < p — 2. 

Proof. Assume to the contrary, there is a vertex x e N [v^] \ N [u], then we show the existence of a short hole 
or small AT in G, thus contradicting the assumption that G is prereduced. Note that x y vi for any i ^ £ — 2 or 
i ^ £ + 2, as otherwise, there is a 4-hole (uvi,xv{u) (here vi /vf because P is chordless). There is • a 4-hole 
(uvf_ixvf+iu) if X is also adjacent to both V£_i and V{+i; • a tent {u, V{_i, Vf, x, Vf+i, V{+2} if x is adjacent to 
vi+i but not V£_i; • a tent {u, V£_2, x, Vf, v^+i} if x is adjacent to V{_i but not V£+i; or • a whipping top 
{x, u, V{_2, V{, V{+i, V{+2} Otherwise (x is only adjacent to vi in the path). □ 

Proposition 4.4. Let P — (vq . . . Vp ) be a chordless path of length p ^ 3 in a prereduced graph G, and u is a 
adjacent to all vertices in P. Then N [vf] n N [vf +i] C N [u] for each 1 ^ £ ^ p — 2. 

Proof. There is a tent {u, V£_i,Vf,x,Vf+i,ve+2} if x e N[v{] n N[v{+i] \ N[u]. □ 

Given a non-empty set X of vertices, we denote by IM (X) the set of common neighbors of X, that is, 
V e N(X) if and only if v x for each vertex x G X. It is easy to verify that in a prereduced graph, if X itself 
does not induce a clique, then N(X) does, as otherwise two non-adjacent vertices in N(X), together with 
two non-adjacent vertices in X, will induce a 4-hole. In particular, we have the following proposition. We 
remark that the simple fact that common neighbors of two non-adjacent vertices in prereduced graphs must 
be adjacent will be frequently used is many proofs. 

Proposition 4.5. Let Xbe a set of vertices of a prereduced graph that induces either a hole, an AT, or a path of 
length at least 2. Then N [X) induces a clique. 

4.2 Modular decomposition 

A subset of vertices M C V(G) form a module of G if each vertex in M has the same neighbors out of M. 
In other words, for any pair of vertices u, v e M and vertex x ^ M, u ~ x if and only if v ~ x. The set 
V(G) and each set of a single vertex are always modules; we call such modules trivial. A brief inspection of 
Figure |2] shows that a minimal AT does not have any nontrivial modules and holes of length 4 are the only 
holes having nontrivial modules. Thus we can derive: 

Proposition 4.6. Let Mbe a module, and U be a minimal forbidden set with |U| > 4. Then either U C M, or 

\Mnu\^ 1. 

This observation allows us to prove the following statement, which is the main combinatorial reason 
behind the correctness of the branching in Reduction[2j 

Theorem 4.7. Let G by a graph that contains no 4-hole and Mbe a module in G. A minimum interval deletion 
set of G contains either all vertices of M, or only a minimum interval deletion set to G [M]. 

Proof. Let Q be a minimum interval deletion set of G such that M ^ Q, otherwise we are already done. To 
show Qm — Q n M is precisely a minimum interval deletion set to G[M], it suffices to show that for any 
minimum interval deletion set Qj^ of G[M], the set Q' — (Q \ Qm) U Qj^ is an interval deletion set of G: 
Trivially Qm is an interval deletion set of G[1V1]; if it is not minimum, then |QmI > IQmI' ^^'^ IQI > IQ'I' 
which contradicts the fact that Q is minimum. 
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Consider a minimal forbidden set U in G — Q'; as there are no 4-holes by assumption, we have |U| > 4. By 
construction, the set Qj^ hits all minimal forbidden sets in G[M], while (Q \ Qm) hits all minimal forbidden 
sets in G — M. Thus U contains a vertex x G M, but it is not fully contained in M. By Lemma [431 x is the 
only vertex of U in M, and if x' e M \ Q (which exists by assumption), then U' — U \ {x} U {x'} is also a 
minimal forbidden set: as G[U] and G[ll'] are isomorphic. The set U' nonetheless is contained in G — Q, 
which contradicts that Q is a solution. Therefore, Q' must be a solution of G. □ 

For the exhaustive application of Reduction [2l we have to be able to find a nontrivial module that is not 
a clique. 

Lemma 4.8. We can find a nontrivial module M in polynomial time such that G[M] is not a clique, if such a 
module exists. 

Proof. The algorithm described in Figure [3] finds such a module in a greedy manner. It starts from a pair of 
nonadjacent vertices u and v, and generates the module by adding vertices. Note that a vertex set is returned 
by this algorithm only when both X = and M V(G) are true, so M must be a nontrivial module. Now it 
remains to make sure that it always finds a nontrivial module if such a module U exists. By assumption that 
G [U] is not a clique, there are a pair of nonadjacent vertices u, v G U. We claim no vertex of V( G ) \ U will be 
added in this algorithm. Suppose the contrary and x £ V(G) \ U be the first vertex added in some iteration. 
However, we should have M C U at that beginning of this iteration, which implies Nm(x) is either M or 0, 
and thus x ^ X. Therefore, we end with a contradiction. □ 



for each pair of non-adjacent vertices it and v do 

1 M = {u-,v}; 

2 whUe M ^ V(G) do 

2.1 X = {x M|0 < iNM(x)| < |M|}; 

2.2 if X = then return M; 

2.3 else M = M U X. 



Figure 3: Algorithm that finds a nontrivial non-clique module 

Indeed, one can easily verify that the module found by this algorithm is the minimum nontrivial one that 
contains both u and v. We are now ready to explain the application of Reduction[2]and prove its correctness. 

Lemma 4.9. Reduction |2] is correct and it can be checked in polynomial time whether Reduction^ (and which 
case of it) is applicable. 

Proof. To see whether Reduction [2] is applicable or not, we use Lemma 14.81 to find a nontrivial module M 
that does not induce a clique. Now we check the conditions in order to figure out which case should apply. 
To check whether Case 1 holds, we need to check if there is a minimal forbidden set U not contained in M. 
By Proposition |4.6[ such an U, if exists, contains at most one vertex x from M; and x can be replaced by any 
other vertex of M. Therefore, it suffices to pick any vertex x G M, and test in linear time whether G — ( M \ x) 
is an interval graph. If it is not an interval graph, then there is an minimal forbidden set U not contained in 
M (as it contains at most one vertex of M). Otherwise, G — (M\x) is an interval graph for every x G M, and 
there is no such U; hence Case 1 holds. To check whether Case 2 holds, observe that the condition "there is 
no minimal forbidden set contained in M" is equivalent to saying that G [M] is an interval graph, which can 
be checked in linear time. In all remaining cases, we are in Case 3. 

The correctness of the reduction is clear in Case 1: removing the vertices of V(G) \ M does not make the 
problem any easier, as these vertices are not used by the minimal forbidden induced subgraphs. 

In Case 2, the correctness of the reduction follows from the fact that G and G m have the same set of 
minimal forbidden sets. Indeed, M induces an interval graph, thus if U is a minimal forbidden set in G or 
Gm, then Proposition 14.61 implies that U contains at most one vertex of M (observe that making M a clique 
does not introduce any new 4-holes, thus Proposition 14. 61 is applicable for Gm)- Therefore, the removal and 
addition of edges have no effect on the minimal forbidden sets, which means that Q is an interval deletion 
set of G if and only if it is an interval deletion set of Gm- 

The correctness of Case 3 can be argued using Theorem 14-71 As the graph is prereduced, it does not 
contain any 4-hole, thus Theorem 14. 71 implies that there is a solution containing all of M or its intersection 
with M is a minimum interval deletion set of G[M]. The two branches correspond to these two cases. The 
first branch is straightforward: we simply remove all vertices of M from the graph and solve the instance 
Ii = (G — M, k — |M|). It is the second branch (where we assume M ^ Q) that needs more explanation. 
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Recall that I2 — (G[M], k— 1) and I3 — (G', k — 1), where G' is obtained by removing M, adding a clique 
M' of size k + 1, and connecting M' with every vertex of N(M). Clearly M' is a module and induces an 
interval graph. We make the size of M' to be k + 1 in order to "forbid" vertices of it to be picked as a part 
of solution Q3II It is clear that either solution Q2 or Q3 is "NO" will rule out the existence of an interval 
deletion set of G that does not fully contain M. In the rest of the proof, we show that the solution Q2 U Q3 
returned by the algorithm, if not "NO", is indeed a minimum interval deletion set that does not fully include 
M. 

We claim that if Q2 and Q3 are minimum interval deletion sets of I2 and I3, respectively, then Q = Q2UQ3 
is an interval deletion set of (G, k). Suppose that there is a minimal forbidden set U disjoint from Q. It cannot 
be fully contained in M, as Q2 C Q is an interval deletion set of G[M]. Then by Proposition [431 U contains 
exactly one vertex x of M and U' = U \ {x} U {x'j is also a minimal forbidden set of G' for any x' e M'. As 
Q3 is an interval deletion set of G' disjoint from M', it has to contain a vertex of U' \ {x'} = U \ {x}. Now it 
remains to show Q c V(G). Note that no minimal interval deletion set can intersect the (k+ 1) -clique in G' 
(according to Theorem |4.7l such a solution, if exists, must contain all vertices of the (k+ 1) -clique, and then 
has size strictly larger than k), thus Q3 is indeed a subset of V(G). 

Having shown that the union of an interval deletion set of I2 and an interval deletion set of I3 is an 
interval deletion set of G, next we show that it is not smaller than the smallest interval deletion set Q' 
satisfying M ^ Q'- Suppose that Q' is an interval deletion set of G of size at most k with M % Q'; let 

= Q' n M and Q3 = Q' \ M. We claim that Q2 and Q3 are interval deletion sets of I2 and I3, respectively. 
First, we argue that Q2 and Q3 are not empty; hence both of them has size at most k — 1. The assumption 
that G[M] is not an interval graph implies Q2 7^ 0. By assumption, M ^ Q', thus there is a vertex x G M\Q'. 
Now Q3 = would imply that G — (M \ {x}) is an interval graph, that is, there is no minimal forbidden set 
containing only one vertex of M, and it follows that we should have been in Case 1. Since IQ2I < k — 1, it 
is clear that Q2 is a solution of instance I2 — (G[M], k — 1). The only way Q3 is not a solution of I3 is that 
there is a minimal forbidden set U containing a vertex of the (k + l)-clique introduced to replace M. As this 
(k + 1) -clique is a module. Proposition 14.61 implies that U contains exactly one vertex y of this clique. But 
in this case U' = U \ {y] U {x} (where x is a vertex of M \ Q') is a minimal forbidden set disjoint from Q', 
a contradiction. Thus following from the fact that both Q2 and Q3 are minimum, the size of the interval 
deletion set Q returned by this branch is no more than Q'. □ 

5 Shallow terminals 

This section proves Theorem 12.11 We would like to point out the resemblance between the statements 
here and Observations 5.2-5.5 Villanger et al. made on chordal graphs 0220 . by which our observation was 
inspired. Nonetheless, here we are not equipped with chordality, and thus their simple argument via a classic 
characterization of chordal graphs (each minimal separator is a clique) does not work. Our approach here 
is to show that each shallow terminal is contained in a nontrivial module whose neighborhood induces a 
clique; as Reduction [2] cannot be applied, all vertices in this module are simplicial. 

Recall that an AT in a prereduced graph is either a |-AT or a J-AT. Let us start from a thorough scrutiny 
of neighbors of a shallow terminal. 

Lemma 5.1. Let T be a f-AT (s : c : I, B, r) or ^-AT (s : Ci, 02 : 1, B, r) in a prereduced graph G, and x e N (s). 

(1 ) Then x is also adjacent to the center(s) ofT (different from x). 

(2) Classifying x with respect to its adjacency to B, we have the following categories: 

(full) X is adjacent to every vertex of B. 

Then x is also adjacent to every vertex 0/ N (s] \ {x}. 

(partial) x is adjacent to some, but not all vertices o/B. 

Then there is an AT J' whose shallow terminal is s, one center is x, and base B' is a proper sub-path 
o/B. 

(none) x is adjacent to no vertex of B. 

Then x y I and x y r hold as well and thus replacing the shallow terminal of J byx makes another 
AT 

^ Indeed, min (k+l,|N(M)|) vertices will suffice for our bookkeeping purpose, and an alternative way to is to add only one vertex 
but mark it as "forbidden". 
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Proof. Assume to the contrary, x y c if T is a f-AT or (without loss of generaHty,) x y C2 if T is a ^-AT. We 
separate the proof of the first assertion based on x ~ B or not. 

X ~ B. (See Figure [6]( a).) There is • a 4-hole (xscbix) if T is a f-AT and x ~ for some 1 < 1 ^ d; • a 4-hole 
(xsc2bix) if T is a f-AT and x ~ bi, for some 1 ^ i ^ d + 1; 

X y B. (See Figure [6)[b,c,d,e).) There is • a 5-hole (xscbilx) or (xscbdtx) if T is a f-AT, and x ~ I or x ~ r, 
respectively; or • a 5-hole (xsc2bilx) or 4-hole (xsc2rx) if T is a f-AT, and x ~ I or x ~ r, respectively. 
• a long-claw {x, s, c, bi, I, b^, r} if T is a f-AT and x y I, r; •a net {x, s, I, Ci, r, C2} if T is a |-AT and 
X y ci, I, r; or • a whipping top {r, 02, s, x, ci, I, bi} centered at C2 if T is a |-AT and x y I, r, but x ~ ci . 

Neither of these cases is possible, and thus statement (1) is proved. For statement (2), let us handle the 
category "none" first. Note that x cannot be a center of T, as it is not adjacent to B . If x ~ I, then (xcb 1 Ix) is a 
4-hole if T is a f-AT and (xc2bilx) is a 4-hole if T is a f-AT. As a symmetrical argument shows that x y r. Now 
that X is adjacent to the center(s) of T and x y B U {I, r}, then by definition, (x : c : I, B, r) ((x : ci, C2 : I, B, r) 
resp.) makes another f-AT (f-AT resp.) 

Suppose now that x is in the category "full." Suppose the contrary and x y v for some v G N(s) \ {x}. We 
have already proved in statement (1) that v and x are adjacent to the center (s) of T (different from them). 
In particular, if one of v and x is a center, then they are adjacent. Therefore, we can assume that v and x are 
not centers. If v ~ B, that is, x ~ bi for some 1 ^ i ^ d, then there is a 4-hole (xsvbix). Otherwise, if v y B, 
then V is in the category "none" and we have already proved that such a vertex is not adjacent to I and r. 
When T is a f-AT, there is (see the first row of FigureO • a whipping top {v, c, I, bi, x, b^, r} centered at c if 
X ~ I, r; • a net {v, c, I, bi, r, x} if x ~ r but x y I (similarly for x ~ I but x y r); or • a f-AT {v : c : I, bi, x, b^, r} 
if X y I, r. When T is a f-AT, there is (see the second row of Figure [T]) • a tent {x, Ci, bi, v, ba, 02} if x ~ I, r; 
• a f-AT (v : Ci, C2 : 1, bix, r) if x ~ r but x y I (similarly for x ~ I but x y r); or • a f-AT (v : Ci, C2 : 1, bixbd, r) 
if X y I, r. 

Finally, suppose that x is in category "partial," that is, x ~ B, but x y bt for some 1 < i < d. In this case, 
we construct the claimed AT as follows. As the case x y I but x ~ r is symmetric to x ~ I but x y r, it is 
ignored in the following, i.e. x ~ r only if x ~ I. Let p be the smallest index such that x bp, and q be the 
smallest index such that p < q < d + 1 and x y bq (q exists by assumptions). See Figure [j^ and Table[T]for 
the structures for f-AT and f-AT respectively. 



Table I. T(s : c : l,r) is a f-AT. 





q =p + l 


q =p +2 


q > p + 2 


p = 
(Figimi 


4-hole 
(xcbilx) 


tent 

{I, X, s, c, b2, bi} 


t-AT 

T(s : x,c : I, bi . . .bq_i,bq)2 


p = l 

(Figibll 


whipping top'^ 
{I, bi,x, s,c, b3,b2} 


net 

{I,bi,s,x,b3,b2} 


t-AT 

T(s : X : I, bi . . . bq_i, bq )2 


p > 1 
(Fig|13 


long-claw^ 

{bp_2, bp_i, bp, s, X, bp+2, bp+i} 


net 

{bp_i,bp,S,X,bq,bq_i} 


t-AT 

T(s : X : bp_i,bp ...bq_i,bq) 


Table II. T(s : Ci, C2 : 1, r) is a f-AT. 




q =p + l 


q =p+2 


q > p + 2 


p =0 


4-hole 
(xC2bilx] 


tent 

{I, X, s, C2, b2, bi} 


t-AT 

T(s ; X, C2 : I, bi . . . bq_i, bq 


p = l 


whipping top 
{l,bi,x,s,C2,b3,b2}i 


net 

{I, bi,s,x, b3,b2} 


t-AT 

T(s : X : I, bi . . . bq_i, bq )^ 


P > 1 


long-claw 
{bp-2, bp_i, bp, s, X, bp+2, bp+i} 


net 

{bp_l,bp,S,X,bq,bq_l} 


t-AT 

T(s : X : bp_i,bp ...bq_i,bq) 



1 ; a 4-hole (xbpbp+ibp+2'') will be introduced if x - bp+2; 

2 ; X is in the category "full" if q = d + 1 . 



Table 1: Structures used in the proof of Lemma [STT] (category "partial" ) 

As the graph is prereduced and contains no small forbidden induced subgraph, it is immediate from 
Table[T]that the case q > p + 2 holds, otherwise there always exists a small forbidden induced subgraph (see 
Table (TJ. This completes the categorization of vertices of N(s) \ T. □ 

■*We omit the figure for J-ATs: For a t-AT (s : Ci,C2 : I, we are only concerned with the relation between center C2 and B U {I}, 
and this is the same as the relation between c and B U {1} in a t-AT. 



10 



The proof of our main result of this section is an inductive apphcation of Lemma 15.11 To avoid the 
repetition of the essentially same argument for f-ATs and t-ATs, especially for the interaction betw^een ATs, 
we use a generalized notation to denote both. We will uniformly use ci, C2 to denote center(s) of an AT, and 
while the AT under discussion is a f-AT, both ci and 02 refer to the only center c. As long as the adjacency of 
Ci and I, C2 and r, and Ci and C2 will not concern us here, this unified (abused) notations will not introduce 
inconsistencies. 

Theorem 5.2. Let T be a f- or '^-AT in a prereduced graph G with shallow terminal s and base B. Let C — 
N (s) n N (B) and let M be the connected component 0/ G — C containing s. Then M is completely connected to 
C, and G [C] is a clique. 

Proof. Denote by T = (s : Ci, C2 : I, B,r), where ci = C2 = c when T is a |-AT. We show x ~ y for any pair 
of vertices x e C and y G M. By definition, G[M] is connected, and there is a chordless path P — (vq . . . Vp] 
from vo = s to Vp = y in G [M] . We claim that P / B. Suppose the contrary and let Vq be the first vertex in P 
that is adjacent to B. This means that every V| with i < q is in category "none" of Lemma [5T1T 2). Therefore, 
applying Lemma [5r]T l.21 on vt and AT (vi,_i : ci, 02 : 1, B, r) inductively for i = 1, . . . , q — 1, we conclude that 
there is anATTi = (vi : ci,C2 : 1, B,r) for each i< q. One more application of Lemma l5.1f ll shows thatVq is 
adjacent to the center(s) of Tq_i as well. If Vq is adjacent to all vertices of B (the category "full" with respect 
to every Ti), then Lemma [5m f21 on Vq and Tq_i implies that Vq is adjacent to Vq_2 G 1^ (vq-i ), contradicting 
the assumption that P is chordless. Otherwise (the category "partial"), according to Lemma [5m r2). there 
is another AT T' — (vq_i : c{,C2 ■ I', B',r'), where B' c B, and Vq G {c(,C2}. Now an application of 
Lemma [STlT l) on Vq and T' shows that Vq is adjacent to Vq_2 G 1^ (vq-i ), again a contradiction. 

Therefore, P y B and every Vt is in the category "none" with respect to T. Applying Lemma lSTTl inductivelv 
as in the previous paragraph, we get an AT Tt — [vi : ci, C2 : 1, B, r) for every ^ i ^ p. Vertex x is a neighbor 
of s and x ~ B, thus it cannot be in the category "none." We now separate the discussion based on whether x 
is in the catergory "full" or "partial." Suppose first that x is in the category "full"; as x e N (s). Lemma [STTl ri) 
implies that x ~ ci , C2 . Then applying Lemma [5rT] f21 inductively on vertex x, AT Tv_i , and vertex vt G N (vi_i ) 
for i = 1, . . . , p we get that x ~ Vi for each i ^ p; hence x ~ Vp — y. Suppose now that x is in in category 
"partial." Then by Lemma [5nT 2). there is an AT Tq = (vq : c[, C2 : B', r'), where B' c B, and x G {Cj, C2}. 
As P y B, we have that vt y B' for any ^ i ^ p, i.e., vt is in category "none" with respect to Tq. Therefore, 
by an inductive application of Lemma l5.ir 2) on the vertex Vi and AT Jl_j = (vi_i : c(,C2 : I', B',r') for 
i = 1, . . . ,p, we conclude that there is an AT Tp — (vp : c(, : I', B',r'); hence x G {c(, Cj} is adjacent to 
Vp =y. 

To show that G[C] is a clique, let x,y be any pair of vertices in C. If x is in category "full" with respect 
to T, then Lemma [5r]T 2) implies that x is adjacent to ij G N(s). Otherwise, if x is in category "partial" with 
respect to T, then Lemma [5nT 2) implies that there is an AT T' = (s : c[,C2 ■ I', B',r') where B' c B and 
X G {c(, C2}. Therefore, by Lemma [STTK 11 on the vertex y G N(s) and T', we get that y ~ ci, 02 and hence 
y~x. □ 

We remark that the set C is an M-B separator. Now Theorem 12. 1 1 follows from Theorem l5.2l the set M 
containing s is in a module whose neighborhood is a clique, hence every vertex in M is simplicial. 

6 Long holes 

This section proves Theorem 12.21 by showing that the holes in a reduced graph are pairwise congenial. 
During the study of vertices of a hole, their indices become very subtle. To simplify the presentation, we 
will frequently apply a common technique, that is, to number the vertices of a hole starting from a vertex of 
special interest for the property at hand. Moreover, indexing two adjacent vertices in a hole will determine 
the indices of all the vertices in the hole, as well as the ordering used to transverse the hole. 

We start from two simple facts on the relations between vertices and holes, from which we derive the 
relations between two holes, and finally generalize them to multiple holes. 

Proposition 6.1. For any vertex v and hole H of a prereduced graph G, the set of vertices Nh M are consecutive 
in H. Moreover, either NhM = H or |NhM| < |H| — 7. 

Proof. This assertion vacuously holds true when v y H, NhM = H, or v g H (then |NhM| — 3). We show 
the existence of forbidden induced subgraphs if the statement of the lemma does not hold. We number the 
vertices of H in a way that ho ~ v but hi y v, and then find the following three vertices of H, whose existence 
is clear from our assumption: a) hp^ is the first vertex such that pi > 1 and hp^ ~ v; b) hp^ is the first vertex 
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such that p2 > Pi and hpj y v; and c) is the first vertex such that p2 < ps < |H| and ~ v, or ho if 
hi y V for each i > p2, then ps = |H|. By the selection of pi,p2 and ps, we have v ~ hi for each pi ^ i < p2 
and 1 = 0,p3, but v y hj for < j < pi or p2 ^ j < P3 (relations between v and hi where p3 < 1 < |H| are 
immaterial) . 

Now we examine the distances between the three indices. There is a small hole of length at most 6 
(vhohi . . . hpjv) if pi < 4 or (vhp^-ihp^ . . . hpjv) if ps < p2 + 4. Thus 4 pi < p2 < P2 + 4 s$ ps- Nonethe- 
less, there is • a long claw {ho, v, hpj, hpj_2, hpi_i, hp^, hp^+i} if p2 = Pi+1; • a net {ho, v, hpj_i, hpj, hp^+i, hp J 
if P2 = pi + 2; or • a long claw {hi,ho,v, hpj_i,hpj,hp2,hp2_i} if p2 > pi + 2. None of these forbidden 
induced subgraphs involves both ho and hp3 and thus they exist regardless of hpj = ho or not. This contra- 
diction ensures that N h M are consecutive, so are the vertices of H \ N h M ; there is a hole of length at most 
lOif 1 < |H\NhM| s$ 7. □ 

If a vertex v is adjacent to more than 3 but not all consecutive vertices of a hole H, then we can use v as 
a shortcut to obtain a hole strictly shorter than H. This cannot happen for a shortest hole. Therefore, the 
following is immediate (recall that we denote by N (H) the common neighbors of H) : 

Corollary 6.2. Let H foe a shortest hole and v ^ N(H). Then NhM < 3. 

Note that each hole H in a prereduced graph contains at least 11 vertices. If v is adjacent to all vertices 
of H, then on any five consecutive vertices of the hole H, we can apply Proposition 14.31 Therefore v is 
dominating in the closed neighborhood of H. 

Corollary 6.3. Let H be a hole in a prereduced graph and v e N(H). Then v is adjacent to all vertices in 
N[H]\{v}. 

So far we characterized neighbors of holes in a prereduced graph: Any vertex v is adjacent to a (possibly 
empty) set of consecutive vertices of a hole H; if v is adjacent to all vertices of H, then it is a common 
neighbor of the closed neighborhood N[H]. From these facts we now derive the relations between holes. 
The following definition and important lemmas attained as such will reveal the whole picture of all the holes 
in a prereduced graph. 

Definition Two holes Hi and H2 are called congenial (to each other) if each vertex of one hole is a neighbor 
of the other hole, that is. Hi C N[H2] and H2 C N[Hi]. 

We remark that this definition implies that every hole is congenial to itself. The following observation 
partially motivates the definition of congenial holes. 

Proposition 6.4. Let "Khe a set of holes all congenial to H, and v e H. Then the set of vertices N [v] intersects 
all holes of 5{. 

Since a vertex in a hole cannot be a common neighbor of it. Corollary [63] and the definition immediately 
imply the following properties: 

Corollary 6.5. LetHi and H2 be two congenial holes in a prereduced graph G. rhenN(Hi) =N(H2). Moreover, 
no vertex of Hi (H2 resp.) is a common neighbor 0/H2 CHi resp.). 

We analyze next the relation between two holes that are not congenial to each other. It turns out that 
if not all vertices of a hole Hi are adjacent to another hole H2, then the following lemma shows that every 
vertex of Hi is adjacent to either all or none of the vertices of H2. 

Lemma 6.6. Let Hi and H2 foe two adjacent holes in a prereduced graph G such that Hi ^ N[H2]. Then each 
neighbor 0/H2 in Hi is a common neighbor 0/H2, that is, NHJH2] C N(H2). In particular. Hi and H2 are 
disjoint. 

Proof. Let u be any vertex in Nhj [H2], which is non-empty by assumption, and let P be the maximal path 
in Hi with the property that u e P C NHJH2]; denote by p the number of vertices of P. Note that Hi 
is not contained in N [H2] by assumption, thus P is indeed a path. Numbering the vertices in Hi such that 
P = uo . . .Up_i (the ordering of Hi is immaterial when p = 1 and then ui can be either neighbor of uo 
in Hi), the selection of P means Ui ~ H2 for each ^ i < p, and u_i,Up y H2 (it is immaterial whether 
u_i = Up or not). In the following, we show both ends of P belong to N(H2), which induces a clique 
(Proposition 14. 5D . Thus either uo — Up_i (i.e., p = 1) or uo and Up_i are adjacent (i.e., p — 2); in either 
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case, we have u E {uo,Up_i} C N(H2). This proves the first assertion, and the second assertion ensues, as 
otherwise their common vertices will be common neighbors of H2, which is not possible. 

Note that uq H2, as otherwise both neighbors of ixq in Hi are adjacent to H2, contradicting the 
maximality of P. Similarly, u_i,u_2 ^ H2. If uo has a unique neighbor v in H2, then the subgraph in- 
duced by u_i, lio and five consecutive H2 vertices centered at v is a long claw (see Figure [4]). Now we 
consider the case 2 ^ INhzCuoJI ^ IH2I — 7 fProposition 16. ID . and number the vertices of H2 such that 
NhjC^] = {vi,V2 . . . ,Vq}. If u_2 IS adjacent to vq, vi, Vq, or Vq+i, then there is a hole (u_2'Li_iUoViVou_2), 
(u_2U— i'UoViu_2), (u-_2'U— iUoVqU_2), or (u_2U— lU-oVq Vq +iu_2 ), respectively. Otherwise, if u_2 is not ad- 
jacent to {vo, vi,Vq, Vq+i}, thcu there is a long claw {u_2,'li-i,u-o,vo, vi,Vq+i,Vq} (see Figure[4l vertex Up). 
This proves uq G N(H2), and with a symmetrical argument we can also prove Up_i e N(H2). □ 




Figure 4: ui (0 ^ i ^ p) has to be a common neighbor of H2 (u_i,Up+i y H2) 



We are now ready to prove that the congenial relation is transitive. The reflexivity and symmetry of this 
relation is clear from definition; therefore congenial holes form an equivalent class. 

Lemma 6.7. Let H, Hi and H2 be three holes in a prereduced graph G. If both Hi and H2 are congenial to H, 
then Hi and H2 are congenial. 

Proof. If Hi and H2 are adjacent but not congenial, then Lemma [62] implies that one of the holes contains 
a common neighbor of the other hole. By definition of congenial holes and applying Corollarv l6. 31 twice, a 
common neighbor of H2 is also a common neighbor of H, and also a common neighbor of Hi, and vice versa. 
Therefore, Hi ~ H2 leads to a contradiction, as a hole cannot contain a common neighbor of itself. 

Assume therefore that there is no edge between Hi and H2. Take any vertex h e H. By definition of 
congenial holes and according to Corollarv l6.51 h is adjacent to some but not all vertices of both Hi and H2. 
Now we number the vertices of Hi and H2 such that Nhi [h] — {ui, . . . ,Up} and NhjW = {vi, . . . , Vq}. There 
is • a long-claw {vi, h, u_i,uo,ui,U2,U3} if p = 1; • a net {vi, h, iio,ui,U3,U2} if p = 2; or • a long-claw 
{vo,vi,uo,ui,h,Up,Up+i} if p ^ 3. □ 

To prove Theorem 12.21 we show that if there are two holes that are not congenial, then one of them 
is contained in a nontrivial module. This is impossible in a reduced graph, where every nontrivial module 
induces a clique. We construct this nontrivial module with the help of the following lemma, which shows 
that the common neighbors form a separator. 

Lemma 6.8. Let H be a hole that is the shortest among all the holes congenial to it in a prereduced graph G. 
Then the set of common neighbors N (H) of H separate N [H] \ N (H) and V \ N [H]. 

Proof. Assume to the contrary, N [H] \ N (H) and V \ N [H] are still connected in G — N (H), then there are two 
adjacent vertices u and v such that u e N [H] \ N (H) and v g V \ N [H]. Note that u ^ H, and we have two 
adjacent vertices only one of which is adjacent to part of the hole H. Depending on the number of neighbors 
of u in H, we have either a long claw (when |Nh(u.)| — 1), a net (when |Nh('u)| = 2), or a f-AT whose base 
has five vertices (when |Nh(u.)| — 3). They cannot exist in a prereduced graph, and on the other hand, if 
|Nh(u)| > 3 then H cannot be the shortest hole by Corollarv l6.2[ □ 
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We are now ready to prove Theorem l2.2t 



Proof fofTheorem \2.2\l . Let Hi and H2 be two holes that are not congenial to each other. By Lemma \677\ 
being congenial is an equivalence relation. For 1 = 1,2, let J{i be the equivalence class where Hi belongs 
to and let H( be a shortest hole in this class. Clearly, Hj and H2 are not congenial; assume without loss of 
generality that Hj has a vertex v not in N [H(]. It is clear that Hj is shortest among all holes it is congenial 
to, thus Lemma [11] implies that N(H() separates N[H;] \ N(H;) and V(G) \ N[H(]. As v N[H;], the set 
N[H{] \ N(Hi) is a nontrivial module that does not induce a clique. Thus Reduction [2] is applicable and the 
graph is not reduced. □ 



7 Breaking holes 

A set of vertices is a hole cover if it intersects each hole in the graph, and the removal of any hole cover makes 
the graph chordal. A hole cover is minimal if any proper subset of it is not a hole cover. Any interval deletion 
set makes a hole cover of the input graph, and thus contains a minimal hole cover. The goal of this section 
is to prove Theorem l2.3l that is, to provide a polynomial bound on the number of minimal hole covers in a 
reduced graph and give a polynomial time algorithm to find all of theml^ 

Clearly, a minimal hole cover does not contain any vertex that is not on any hole; this observation will 
simplify the task of finding all minimal hole covers in a reduced graph. 

Proposition 7.1. Let "K he the set of all holes in a reduced graph G, and Go be the subgraph induced by 
UHeM AsetHC of vertices is a minimal hole cover of G if and only if it is a minimal hole cover of Co- 
in this section we will focus on the subgraph Go induced by the union of all holes in the reduced graph 
G. The subgraph Go has the same set of holes as G, and they remain congenial. Moreover, each vertex of 
Go is in the closed neighborhood of each hole H of Go. 

Proposition 7.2. The subgraph Go — HC is an interval graph for each hole cover HC. 

Proof. Each vertex of Go belongs to some hole, and thus cannot be simplicial. Therefore, by Theorem l2.1l 
Go contains no AT. By definition. Go — HC contains no hole, thus Go — HC is an interval graph. □ 

In particular, by Proposition [631 the subgraph Go — N [v] is an interval graph for each vertex v of Go- 
We prove a series of claims on how the neighborhood of a vertex v of a hole Hi looks like in some other 
hole H2- The following statement is a paraphrase of Corollary [63) 

Corollary 7.3. No vertex v of Go can be a common neighbor of any hole in G. 

Therefore, by definition of congenial holes and Proposition 16. II we can assume that for every v G V{Go] 
and hole H, we have that NhM is a proper nonempty subset of H and its vertices induce a path in H. Fixing 
any ordering of the vertices in H, we can denote two ends of the path as begin|_[(v) and endH(v) respectively 
(when NhM contains both Hq and h.|H|-i, we number vertices of Nh M as {h._p, . . . , ho, . . . , Hq} where both 
p and q are non-negative, and then begins (v] — — p, endH(v) — q). 

Lemma 7.4. Let Hi and H2 be two holes in a reduced graph, and uq, ui be any two adjacent vertices of Hi. 
The sets of neighbors ofuo and ui in H2 have the following properties: 

(1) NhJuoIrNhJui] ^0; 

(2) if NhjCui] C NhjEuo] or NhJuo] C NhJui], then either begin^Juo) = begin„^(ui) or endH^uo) = 
endH2 (ui ); and 

(3) NhJuoJuNhJui] ^H2. 

^Very recently, Grippo and Safe, in a unpublished manuscript, announce a characterization of forbidden induced subgraphs for 
normal Helly circular-arc graphs 1 1 3 Theorem 6] . It is a simple task to verify that the subgraphs G induced by the union of holes 
in a reduced graph does not contain any of them. Therefore, there are no three arcs that cover the circle model, and each minimal 
hole cover corresponds to a point in the circular-arc model. This yields a linear upper bound on the number of minimal hole covers for 
subgraph G as well as a linear time algorithm to find them. 
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Proof. According to Proposition 16.11 neighbors of uq and ui in H2 are both consecutive. We number the 
vertices of H2 such that NHjtiio] ={vo, • . - .vjj and NhjEui] = {v^^, . ■ .,V{3}. 

On the first assertion, the neighbors of uq, ui in H2 overlap when either or both of them also belong to H2, 
and thus we assume otherwise. Suppose the contrary and NnatiJ-o] H NhzEiJ-i] = C then £1 < £2 ^ ^3 < IH2I. 
However, either £3 ^ IH2I — 3 and [uqUiVi^ . . . V|H2|U-o) is a hole of length at most 6, or H = [uqUiVi^ . . . v^jUq) 
is a hole not congenial to H2 (in particular, the H2 vertex V1H2I-2 ^ N[H]). This contradicts Theorem 12.21 
and thus the first assertion must hold true. 

On the second assertion, suppose the contrary and < £2 =^ ^3 < ^i- If uo £ H2 then £1 = 2 and 
£2 = £3 = 1; however, applying the first assertion on ui and U2 we can conclude uo(= vi) ~ U2, which 
is impossible. If ui e H2 then £1 > £3 ^ 3 and thus uq ^ H2; the other neighbor U2 ^ H2 as otherwise 
by assumption, uq ~ U2. The small minimal forbidden induced subgraphs constructed in the following will 
hold independent of whether ui e H2 or not. If U2 ~ vq then (voUoUiU2Vo) is a 4-hole; if U2 ~ v_i then 
(voUoUiU2V_iVo) is a 5 -hole. Thus we conclude U2 -/ vo,v_i, and with the same argument we conclude 
1^2 yv{j+i,V£j. Nonetheless {u2,ui,uo,vcj+i,V{j,v_i,vo} will be a long-claw: (v{j+iV{jiioVov_i) is clearly a 
chordless path, and ui is only adjacent to xlq in it. Therefore, either — begin^^(iio) — begin|_|Jui) = £2 
or £3 — endHjlu-o) — endHzlu-i) = £1, and this proves the second assertion. 

Suppose the third assertion is not true and the neighbors of uq and ui in H2 cover the entire hole H2. 
According to Proposition 16.11 and Corollary 16.51 there are at least 7 vertices in both NhzC^] \ MHat^il ^nd 
NhjEui] \ NhJuoI; this implies iio,ui ^ H2. Then {v{j,V£j+i,V{j+2, • • •,V|H2|-i,V|H2|} C NhJui]: there is a 
4-hole (uoV{jV{j+iUiUo) or [uov^u^^v^yi^^_iUiUo) ifui y v^^ orui y vihjI =vo. According to Proposition 16.11 
£1 ^ £2 > 6 and £3 — £2 ^ £3 — £1 > 6. Let 2 < p < |Hi| — 1 be the index of the first Hi vertex that is either 
adjacent to N H2 [uoJ but neither vq nor v^^ , or adjacent to N H2 t^iJ but neither v^^ nor v^^ . 

To show the existence of p, we start from examining the neighbors of U3 in H2, which has to be a subset 
of NhjEu-iIj otherwise there is a 4-hole (v|iioUiU2Vi) or 5-hole (vi,iioUiU2U3Vi,), depending on U2 ~ Vi, or 
not, if U3 ~ vi for some vi ^ Nh2(u.i). As ui y U3 and then |Nh2[iJ-3]| ^ 2 CCorollarv 16.31) . If p y 3, then 
U3 is adjacent one end of Nh2[u^i]j and without loss of generality, let it be V{2. By assumption, vi^ is also 
in NH2[^io], thus it can be inferred from p y 3 that U3 is adjacent to one end of lSlH2t^o]3 which has to 
be and £1 = £2 or £1 — I2 + I (we are using the facts £1 ^ £2 > 6 and |Nh2[u-3]| =^ 2). According to 
Corollarv l6.51 neither v^^ nor vi^ can be a common neighbor of Hi, which implies that there must be a vertex 
Up for 2 < p < IH2I — 1 that is not adjacent to one of vj^ and V{2, and we claim that vertex satisfies the 
condition. Asup_i yuo,ui,itis adjacent to neither V{j_2 norvf2+2- and Nh2('li-p-i) C {v£j_i, V£j,vt2, V{2+i}. 
By the first assertion and the fact that Up is not adjacent to both v^^ and Vfj, either Nh2[u-p] C Nh2[i^] or 
Nh2[u-p] C Nh2[ui]. Therefore INhjCu-pH ^ 2 (as Up yuo,ui), and Up y vq (as £1 > 6). 

Without loss of generality, assume Up to be adjacent to N H2 but neither Vf 2 nor Vf 3 . By Proposition |4.3l 
and the fact Up y ui, we conclude u y vi for any £2 + 2 < i < £3 — 2. As a result, Nh2[u-p] = {^£2+1} or 
Nh2[u-p] = {vf3-i}. There is a net {v£2-i, V£2,Up,V{2+i,V£2+3,ui} of {vf3+i,V{3,Up, V£2-i, V£2-3,ui} (noting 
^3 ~ ^2 > 6). This is impossible, and thus the third assertion must hold true. □ 

This implies the following corollaries. 

Corollary 7.5. Let Hi and H2 he two holes in a reduced graph, and uq, ui be any two adjacent vertices of Hi. 
Then ui is adjacent to at least one o/beginnjuo) and endH2('Lk))- 

Corollary 7.6. Let Hi and H2 be two holes in a reduced graph, and P be a path in Hi. Then UueP ^H2 M <if^ 
consecutive. 

Lemma 7.7. Any minimal hole cover of a reduced graph G induces a clique. 

Proof. Assume to the contrary, there is a minimal hole cover HC that contains two non-adjacent vertices 
u and V. By the minimality of HC, there are two holes Hu and Hv in G such that HC n Hu — {u} and 
HC n Hv = {v}. Note that u ^ Hv and v ^ H^. Let us number the vertices of H^ such that beginn^ (v) — 
and endH^^{v) — p, where p = |Nhu(v]| — 1. As both Nh„[u.o] and NH„[u.p] contain v and consecutive in 
Hv by Proposition 16.11 their union Nh„ [uq] U Nh„ [up] is also consecutive in Hv. We number the vertices of 
Hv such that uq ~ vq and Nh„ [uq] U Nh„ [up] = {vq, vi, . . . ,Vq}, where q = |Nh, [uq] U Nh, [upl! - 1. We 
argue that q < |Hv| — 1, i.e. NhvE^oJ U NHvtiJ-p] cannot cover Hv. This follows from Lemma [7l4T 3) when 
p = 1. Now suppose p > 1, which implies uq y Up, and q — |Hv| — 1. Recall that by Proposition 16.11 
7 < |NH^['Lk)]| < |Hv| — 7. We consider the two ends begin^ [uq] and endH„[uo], one of which must have 
distance more than 2 to v in Hv. Without loss of generality, let it be vi = endH„[iio]- Then either V| is 
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Figure 5: There is a hole avoiding both u and v: it cannot contain chord (ujVi). 
also adjacent to Up, then there is a 4-hole (vuoVtUpv); or v,, / Up and vt+i ~ Up, then there is a 5 -hole 

(vUoViVi+iUpV). 

Denote by — (uqUi . . .Up) and Pv = (vqVq+i . . .vq). By definition u ^ P^. Likewise, v ^ Pv: by 
definition, v e {vq, vi, . . . ,Vq}, but v cannot be vq or Vq, since Corollary 17.51 implies that the two neighbors 
of V in Hv are adjacent to either uq or Up (and v_i and Vq+i are not in Nh„ [uq] U Nk^ [uq] by definition). In 
what follows we show the existence of a hole in G — HC, which contradicts the fact that HC is a hole cover 

We first show vi y P^ for each 1 > q by contradiction (see red edges in Figure [5]). Suppose the contrary, if 
vi is adjacent to a vertex of Pu, then the facts Vi y uo, Vi y Up and Proposition 16. 1 1 imply that every neighbor 
of Vi in Hu is in {ui, . . . ,Up_i}. Note that Vi ^ H^, as otherwise it must belong to P^ and thus adjacent to 
V, which is impossible. We argue that INh^^ [vill = 1 and the only neighbor has to be ui or Up_i: as Vi y v, 
it follows from Proposition 14.41 There is • a f-AT (vi : ui : u_i,uovu2,U3) with size 7 if p = 2; or • a net 
{u_i,uo, Vt,ui,U3,v} or {up+i,Up,Vi,Up_i,Up_2,v} if p > 2. This is impossible, hence Vi, y Pu for each 
i> q. 

Now we construct the hole in G — HC as follows (see red edges in Figure [5]). Recall that the length of 
Pv is at least 2. If uo ~ Vq then (uqPvUo) is such a hole. Otherwise by assumption we have Up ~ Vq. Let 
l\ — max{i|ui ~ vq and ^ i ^ p}, and £2 — min{i|ui ~ Vq and £1 ^ 1 ^ p}. Then (u^jUf^PvU-eJ will be such 
a hole. □ 

As a consequence, any minimal hole cover of a reduced graph Go intersects each hole in it by either one 
or two vertices. 

Lemma 7.8. Let HC be a minimal hole cover of a reduced graph G. There is a vertex v in Go such that 

NgoM ync. 

Proof. We show this by construction. Let H be a shortest hole in By Lemma 17.71 there are at most two 
vertices of H n HC, and they are consecutive in H. We number the vertices of H such that ho e HC and 
Hi ^ HC. We claim v = hs is the asserted special vertex. Recall that by Corollaries 16.21 and 17.31 each vertex 
of Go has at most 3 neighbors on H. Assume to the contrary, N Goths] and the clique HC (Lemma [7. 7D are 
adjacent, then there is an Hq-Hs path P of length at most 3 and all its interior vertices belong to Go- The 
case P = hflVhs is impossible, as by Proposition 16. 1 1 and Corollarv l6.21 v is adjacent to at most 3 consecutive 
vertices in H. Now we may assume P = HoViV2h5, and examine the neighbors of vi and V2 in H. Let hi be 
the last neighbor of vi in H, and hj be the first neighbor of V2 in H. By Corollary 16.21 we have i ^ 2 and 
j ^ 3. Therefore there is a hole (vihihi+i . . . hjV2Vi] of length at least 4 and at most 8. □ 

We prove Theorem 12.31 by showing that we can enumerate hole covers by enumerating separators in an 
interval graph. In one direction of the proof, we need the following claim. Recall that a connected interval 
graph corresponds to a consecutive set of intervals in the real line, and a point p in the real line that has 
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intervals not containing p and lying at its both sides decides a clique separator, that is, the set of vertices 
whose corresponding intervals contain p. 

Proposition 7.9. Let v be a vertex in an interval graph G. Ifvis not adjacent to any simplicial vertex, then 
N[v] is a separator of G. 

Proof. We consider the interval representation of G. Without loss of generality, we assume that no two 
intervals have the same ends. Denote by x the interval with the smallest right end, and y the interval with 
the largest left end. It is easy to see that x and y are simplicial. Furthermore, if x ~ y, then the graph is a 
complete graph (every interval contains the interval between the left end of y and the right end of x), and 
every vertex is adjacent to a simplicial vertex, thus the statement is vacously true. Therefore, we can assume 
X y y. For any point p in the interval corresponding to v, the set NM contains all vertices whose intervals 
contain p. Neither x nor y is adjacent to v, and then N [v] is an x-y separator □ 

The following lemma formulates the equivalence of hole covers and separators in our setting: 

Lemma 7.10. Let G be a reduced graph, and Go be the subgraph induced by all holes of G. Let vbe a vertex of 
Go, and Xbe a set of vertices of Go that are not adjacent to N g„ [v]. Then X forms a minimal hole cover of G if 
and only if it is a minimal separator o/ Go — N [v]. 

Proof. According to Proposition 17.11 it suffices to show that X is a hole cover of Go if and only if it is a 
separator of Go — N [v] (which is the same as Go — N Go M)- According to Propositions |6.4l and 17.21 Go — N [v] 
is an interval graph. 

The set X is a trivial separator of Go — N[v] if it is not connected: there are at least two connected 
components in Go — NM, each of which contains neighbors of N[v] and thus the number of connected 
components of Go — N [v] — X is no less than that of Go — N [v]- Hence in the argument of this direction we 
assume Go — N [v] is connected, and an alternative way of phrasing that "the hole cover X is a separator of 
the connected subgraph Go — N [v]" is to say that Go — (N [v] U X) is not connected, or N [v] is a separator of 
Go — X. By Proposition [7l2j Go — X is an interval graph as well. By definition, there is no simplicial vertex in 
Go; hence each simplicial vertex x in Go — X is adjacent to X, as otherwise Ngo-x(x) = Ngo(x) and is not 
a clique. As N [v] is not adjacent to X by assumption, v is not adjacent to any simplicial vertex. Therefore, 
according to Proposition 17.91 the removal of N[v] disconnects the interval graph Go — X, and the "only if " 
direction is proved. 

Suppose the contrary and there is a hole H in Gq — X. By the construction of Go, the vertex v 
is contained in some hole and this hole is congenial to H (G is a reduced graph); then by definition of 
congenial holes and Corollarv l6.5[ v is adjacent to some but not all vertices of H. We number the vertices of 
H such that Hq e N [v] and hi ^ N [v], and denote by P the path H \ Nh M. As H is not destroyed by X, that 
is, P n X = 0; the vertices of P are contained in the same component C in the subgraph Go — N [v] — X. We 
show that each vertex u G Go — N [v] — X is also in C, contradicting the assumption that X is a separator Let 
H2 be any hole that contains u. Vertices of H2 \ X adjacent to P are clearly in the component C. Since H and 
H2 are congenial, each vertex of H2 not adjacent to P has to be adjacent to NhM. Let U C H2 be the set of 
vertices adjacent to NhM. According to Corollary [731 set U induces a path P2. As X y NM by assumption, 
the path P2 is disjoint from X. Thus we can finish the proof by showing that P2 is also in C. According to 
Lemma [73K1), NHjth-o] n NHath-i] / 0, i.e. there is a vertex u' e H2 that is adjacent to both ho and hi. 
Clearly, vertex u' is in P2 (being a neighbor of Hq) and in component C (being a neighbor of hi). Therefore, 
the subgraph Go — N [x] — X contains only one component, contradicting the fact that X is a separator of 
Go-N[x]. □ 

We are now ready to prove Theorem [23J 

Proof (of Theorem \2.3\l . Let Go be induced by the union of the holes of G. On one hand, according to 
Lemmas 17.81 and [7.101 each minimal hole cover of G corresponds to a minimal separator of Go — NM for 
some vertex v of Gq. On the other hand, there are at most n minimal separators in Go — N M for each vertex 
V of Go, hence a quadratic bound for the total number of minimal hole covers of G. To enumerate all these 
hole covers, we try every vertex v of Gq, compute an interval representation of the interval graph Go — N M, 
and enumerate all its minimal separators. □ 
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8 Caterpillar decompositions 



We prove Theorem 12.41 in this section by providing an FPT algorithm for interval deletion under the 
assumption that the graph is prereduced, chordal, and every shallow terminal is simplicial. The algorithm 
presented in this section finds an AT satisfying a certain minimality condition, and v^fe shov^f that it contains 
a set of 10 vertices such that there is a minimum interval deletion set containing at least one of these 10 
vertices. Therefore, v^fe can branch on deleting one of these 10 vertices. Note that after any vertex deletion, 
the graph remains chordal, prereduced, and every shallow terminal is still simplicial, as all these properties 
are hereditary. 

Denote by ST(G) the set of shallow terminals, which are a subset of simplicial vertices. Using the prop- 
erties of simplicial vertices and according to Proposition 14. 2[ it is easy to check that for each f- or t-AT, its 
shallow terminal is in ST(G), its base terminals might or might not be in ST(G) (see Figure [9] for examples), 
and all non-terminal vertices cannot be in ST(G). The following proposition can be derived from Lemma [STTl 
Indeed, starting from any AT T with shallow terminal s we can find such an AT: no vertex of N ( s ) \ ST ( G ) can 
be in the "none" category w.r.t. any AT; as long as there is another vertex v e N(s) \ ST(G) in the "partial" 
category, we can find another AT with a base B' c B. 

Proposition 8.1. Let G be a prereduced chordal graph where all shallow terminals are simplicial, and s e 
ST(G). There is an AT whose base B are adjacent to all vertices o/N(s) \ ST(G). 

Now that the graph is chordal, it makes sense to discuss its clique tree, which shall be the main structure 
of this section. Since the interior vertices of any shortest path cannot be simplicial, the removal of simplicial 
vertices will not disconnect a connected graph; as long as G is connected, G — ST(G) will be a connected 
interval graph. This observation suggests that the clique tree of G has a very nice structure. A caterpillar 
(tree) is a special tree that consists of a central path and all other vertices are leaves connected to it. 

Proposition 8.2. Let G be a prereduced chordal graph where all shallow terminals are simplicial. There is a 
clique tree 7[G) that is a caterpillar, where all shallow terminals appear only in leaf nodes, and each other vertex 
appears in some node in the central path. 

Proof. Let us inspect every maximal clique K of G. If K contains some vertex v G ST(G), then it must be 
K = N [v] : K is a clique, hence K C N [v] ; the containment cannot be proper as K is maximal and N [v] induces 
a clique. If K n ST(G) — 0, then K is also a maximal clique of G — ST(G). On the other hand, a maximal 
clique K ' of G — ST ( G ) has to be a maximal clique of G as well; otherwise it is a proper subset of N [v] , which, 
however, according to Proposition l8.ll cannot be maximal in G — ST(G]. Therefore, a maximal clique of G 
is either N [v] for some vertex v e ST(G) or a maximal clique of G — ST(G). Now we construct the clique tree 
as follows. We first make a clique path 7' for the interval graph G — ST(G) (Theorem l3.1D . and then attach 
each maximal clique N [v] of the first kind to T' at some maximal clique that properly contains N [v] \ ST(G) 
(arbitrarily pick from multiply choices). Clearly it satisfies the second condition of clique tree. □ 

Fixing a particular clique tree T(G), we number the nodes (maximal cliques) on the central path as 

Ko, Ki, By Proposition 18.21 and definition of clique tree, each vertex v e V(G) \ ST(G) is contained in 

some consecutive nodes of the central path. Denote by f irst(v) and last(v) the indices of the first and 
last nodes that contain the vertex v ^ ST{G). Given any AT T, the vertices of its base B are not simplicial, 
hence in the main path of the caterpillar decomposition. As the graph is prereduced, B contains at least 6 
vertices (note |T| ^ 11); in particular, the nodes that contain bi and are disjoint (bi /ba). Without loss 
of generality, we assume that last(bi) < f irstfba), i.e., the base B goes from "left to right." In this way 
base terminals I and r are clearly defined, as I ~ bi and r ba; so are the centers ci and C2 when T is a ^-AT 
as I ~ ci and r ~ C2. Note that I and r can be in ST(G), and thus it is possible that f irst(ci) > f irst(c2] 
and/or last(ci) > last (02) when T is a J-AT, but this will not matter in the proofs to follow. 

The following properties of the clique tree are straightforward by observing the adjacencies and nonad- 
jacencies between the vertices of an AT and the position of the intervals corresponding to vertices not in 
ST(G), so we state here without proof. To avoid the repetition of the essentially same argument for |-ATs 
and t-ATs, we follow the same convention as in Section |4l 

Proposition 8.3. Let T(s : Ci, C2 : 1, B, r) be a f- (then ci = C2 = c) or l-AT. Then 

(first(bi) <last(bo) <) f irst(c2), f irst(b2) < last{bi) ^ ... 

<f irst(bi,) < last(bi._i) < f irst(bi+i) < last(bi._i) < f irst(bi+i] 
< • • • <f irst(bd) last{bci-i), last(ci) (< f irst(bd+i) < last(bd)), (1) 
where relations in parentheses only hold when I = bo ^ ST(G) and r — h^+i ^ ST(G) respectively. 
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The non-terminal vertices of an AT also appear in a consecutive set of nodes in the central path of T(G); 
as defined and explained as follow^s, the minimum set will be of special interest. 

Definition Let G be a prereduced chordal graph where every shallow terminal is simplicial and T(G) be a 
caterpillar clique tree of G. Given any pair of indices p < q, the (p, q)-segment comprises the set of vertices 
Up_q = Up^i^q ^i- Denote by Np^q the set of common vertices Plp^i^q = Kp n Kq. Each AT T of G 
determines a segment seg(T) — Uiast(bi),first(ba), where bi and b^ are ends of the base B of T; such a 
segment is called a minimal segment if there is no AT T' in G such that seg(T') c seg(T). 

By definition of clique trees, Np^q = Kp nKq . It is easy to verify that all non-terminal vertices of T are con- 
tained in seg(T], which is the inclusive-wise minimal (also minimum) segment with this property. In partic- 
ular, bi ^ Up^q whenp > last(bi) and bd ^ Up^q when q < f irst(bd). Moreover, the set Niast(bi),first(bd) 
is exactly the set of common neighbors of the base of T. Indeed, by definition Ni^stibi ),f irst(bd ) ^ 1^ (B). If 

V ^ Niast(bi),first(bdl' then either first(v) > last(bi), implying v /bi, or last(v) < last(bd), implying 

V -/bd; therefore N(B) C Niast(bi),first(bd)- 

Proposition 8.4. Let T = (s : Ci, C2 : I, B,r) be a |- (then ci = C2 = c) or '^-AT such that seg(T) is a minimal 
segment. Then s -/ u/or each vertex u e seg{T) \ N (B). Moreover, if IPr is a chordless l-r path in the subgraph 
induced by (seg(T) \ N(B]) U {I, r}, then Tp = (s : Ci, C2 : 1, P, r) makes an AT, and seg(Tp) = seg(T). 

Proof. For the first assertion, suppose the contrary and s ~ u, then Lemma [5J] applies. Observe that u is in 
the category "partial": it is adjacent to some (because u G seg(T)) but not all vertices in B (because u ^ 
N(B)). Hence there is another AT T' whose base is a proper subset of B. Note that last(bi) > last(bi) and 
f irst(bi) < f irst(bd) for each 1 < i < d, from which we can conclude seg(T') c seg(T), a contradiction 
to the minimality of seg(T). 

To verify that Tp is an AT, it suffices to show that v ~ ci, v ~ C2, but v y s for each vertex v G P. Observing 
that V G seg(T) \ N(B), it is adjacent to center(s) as ci, C2 G N(B] = Niast(bii,first(ba), and not adjacent to 
s by the first assertion. Since the base P of Tp is fully contained in seg(T), we conclude seg(Tp) C seg(T); 
then the last assertion holds true as seg(T) is minimal. □ 

In Section [6l we considered holes of shortest length and observed that a vertex sees either all or at most 
3 consecutive vertices of the hole. Proposition 18.41 allows us to consider ATs whose base is a shortest path, 
and then we can observe an analogous statement about the number vertices in B a vertex can see. 

Definition Let T = (s : Ci, C2 : I, B,r) be a |- (then ci = C2 = c) or ^-AT such that seg(T) is a minimal seg- 
ment. We say B is a short base if B is a shortest l-r path in the subgraph induced by (seg(T) \ N (B)) U{1, r}. 

Note that if all non-terminal vertices of an AT are contained in a minimal segment Up^q, then its base 
cannot pass through Np^q, otherwise |B| — 3. Thus the base B indeed gives a l-r path in the subgraph induced 
by (seg(T) \ N (B)) U {I, r}. Therefore, Proposition [831 can be used to replace the base with a short base. As 
this replacement does not change seg(T) and hence does not break minimality, we can assume from now 
that we are working with an AT T such that seg(T) is minimal and T has a short base. 

Proposition 8.5. Let T = (s : Ci, C2 : I, B,r) be a |- (then ci = C2 = c) or '^-AT such that seg(T) is a minimal 
segment and B is a short base. Ifu G Lliast(b3i,first(bd-2l X'^IB), thenuhas at most three neighbors in B U {I, r}, 
and there is an index 3 < £ ^ d — 2 such that 

f irst(c2) ^ last(b£_2) < f irst(u) ^ last(u) < f irst(b£+2) ^ last(ci). (2) 

Proof. The neighbors of u on the chordless path IBr have to be consecutive, otherwise there is a hole. If u has 
more than three neighbors, then we can use u as a shortcut to obtain a strictly shorter l-r path, contradicting 
the assumption that T has a short base. Vertex u has at least one neighbor in B; let bp and bq be the first 
and last neighbors of u in B U {bo, bd+i}, respectively. Then selecting t = (p -h q)/2 will justify ([2]) (observe 
that £ — 2 < p and £ -h 2 > q, thus u y b£_2, b{+2- By assumption, u ~ bi for some 4 < i < d — 3, which 
implies 1 < p < d, and thus 3<£^d — 2. □ 

In the final lemma we will be interested in a special minimal segment that admits one more special 
property and a representative AT contained in it. Among all minimal segments, the one with the smallest 
end-index is called the leftest minimal segment. This segment is unique as minimal segments cannot properly 
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contain each other. This restriction allows us to consider only the right side of this segment: there is no 
segment defined by another AT that is left to it. 

Lemma 8.6. Let G be a chordal and prereduced where every shallow terminal is simplicial. Let T = (s : Ci, C2 : 
bo, B, ba+i) be a f- (then c\ — C2 — c) or ^-AT in G such that seg(T) is the leftest minimal segment and B is a 
short base. There is a minimum interval deletion set to G that either contains one of 

Vb = {s, ci, 02, bo, bi 1 1 ^ d - 4}, 

or the set of vertices X — Si,i+i \ N(B), where Si^i+i is a minimum separator among last(bo) < i < 
f irst(b£i-4]. 

Proof. Given any minimum interval deletion set Q, we assume Q n Vb =0, and X ^ Q; otherwise we have 
nothing to prove. Denote by N = N(B), and Vi — Uiast(bii<i<first(bd-4) '^i \ ^ (note that the bounds on 
i are strict and b(i-4 appears in the upper bound). The motivation behind the definition of Vi is that any 
vertex v £ Vi is in N [bi,] for some 1 < d — 4, and any path between v and a vertex right to seg(T) avoiding 
N contains at least two vertices of seg(T). Recall that Ci, 02 G N. We start from another simple observation. 

Claim 1. For each vertex v e Uo_first(bd_2) \ have last(v) < f irstfba), and v -/ ST(G). 

Proof. We always have last(v] < f irst(bd): by Proposition 18.51 when v e Uiast(b3),first(bd-2) \ ^^'^ 
by the fact last(v) < last(b3) < first(bd) when v e Uo^first(bd-2) \ Uiast(b3),first(ba-2)- Suppose the 
contrary and v ~ x for some vertex x G ST(G]. By definition, x is a shallow terminal of some AT T'. Applying 
Lemma [5m ['2") on v and T', vertex v cannot be in category "none": v ^ ST(G), hence v cannot be a shallow 
terminal. If v is in categoty "full," then the base of T' is contained in Ufii.st(vi,iast(v), contradicting the 
selection of T. If v is in category "partial," then there is another AT T" with a v as a center, hence the base of 
T" is contained in Llfirst(v),iast(v)) again contradicting the selection of T. □ 

We prove this lemma by constructing a minimum interval deletion set Q' — (Q \ Vi] U X that contains 
X. Recall that by definition, the set X U N is a separator. As G is already chordal, all forbidden induced 
subgraphs in all subgraphs are ATs. We now argue this by showing Q' covers all ATs that are covered by Q. 
Suppose the contrary and there is an AT AT T' that is disjoint from Q', then by the construction of Q', T' 
must intersect the set Vi \ X. Let u G T' n (Vi \ X). According to Claim 1, u is not adjacent to ST(G) and 
thus cannot be a center; u is in the base, or one of the base terminals. 

Now we consider the base B' of T', which are fully contained in the central path of T(G), and the segment 
seg{T') defined by B'. Recall that center(s) c{,C2 of T' are dominating in seg(T'). As seg(T') cannot be 
left to seg(T) (i.e. f irst(b^,) cannot be smaller than f irst(bd)), if u G B' c seg(T'), then we argue that 
center(s) have to be in N. As a consequence, the base terminal bp has to be left to seg(T), and the base has 
to go through X as it cannot go through N. Likewise, we argue B' has to go through N and there exists an 
AT that avoids Q when u = bp ^ seg(T'). The remainder of this proof breaks into four steps. 

Claim 2. 03 ^ N. 

Proof. Suppose the contrary and G N, then we show that T' has to intersect X, and thus cannot exist 
in G — Q'. We first show that c( is also in IM when T' is a j:-AT. By the selection of T, the vertex u cannot 
be the terminal b^,^j, as otherwise according to Proposition 18.31 first(b^,) < first(u) < first(bd). 
Thus c[ ~ u, which implies c{ G LIo^first(bd-2) (Proposition [83]), and then c( G N (Claim[T]). Now that the 
center(s) are in N and accordingly adjacent to u, we conclude that u cannot be the terminal bp (i.e. u = b( 
for i > 1). Therefore b( G Kj for some j < f irst(b(i-4); then by Proposition 18.51 and bp ~ b{, it can be 
inferred that bg ^ ST(G). On the other hand, bp -/ implies last(bo) < last(bi); last(b^,^j) -/ c[ implies 
f irst(bd/) > f irst(bci). Therefore, the base B' contains a bp-b^, path and has to go through X (it cannot 
go through any vertex of N, which is adjacent all neighbors of u), which is impossible. □ 

Henceforth, therefore, we assume C2 ^ N . 
Claim 3. u = b^. 

Proof. According to Proposition [831 last(u) < f irst(b(i_2), and N[u] C Uo_first(bd-2)- By Proposition [875] 
and Claims 1 and 2, C2 N[u], i.e. 03 / u, and thus u must be the terminal bg (u — b^,_^j will contradict 
the selection of T) . □ 

Claim 4. b{ G N. 
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Proof. Recall bp = u and N[u] C Uo_first(bd-2)- Assume the contrary and bj ^ N, then -/ b^, otherwise 
there is an AT with a shorter base than B. Observing C2 ~ Ci, C2 as G seg(T) and 03 / s by Proposition [83] 
either (s : Ci, 02 : bo, . . . b£bg(u)bjC2bd, b^+i) or (s : Ci, C2 : bo, . . . b{bo(u)bjC2, ba+i) is such an AT, where 
£ ^ d — 5 and b{ is the last neighbor of bp in B. From the facts b( e Uo_fii.st(bd-2) \ ^2 b( and -/ b^, 
in can be inferred that f irst(b^,) < last(c2) < f irst(bd), which, nonetheless, contradicts the selection of 
T. Therefore, b( G N. □ 

By Proposition [83] and b{ yb3, we conclude first (b2) > last(bd_2)- Now consider any vertex x G X\Q. 
If T' is a f-AT, then Nt'(x) = {b(}. If T' is a J-AT, then by Proposition [83] and Claim 1, c[ G N; hence 
Ny (x) — {bj, c[}. In either case, T' \ {u} U {x} remains an AT. As this AT is contained in G — Q, we end with 
a contradiction. Therefore, Q' must be an interval deletion set of G. Now it remains to show the interval 
deletion set Q' we construct is minimum, from which the lemma follows. 

Claim 5. |Q'| s$ 1Q|. 

Proof. By construction of Q' and the definition of X, it suffices to show that QnVi makes a bi-bd-4 separator 
in G -N; the claim ensues as IQ'l = |Q\ Vi| + |X| < |Q\ Vi| + |Qn Vi| = |Q|. Suppose the contrary and P is a 
chordless bi-bd-4 path, then within the bo-bd+i path Pbd-3bd-2bd-ibdbd+i, we can construct a chordless 
bo-bd+i path P'. By Proposition 18. 5[ no vertex of P is adjacent to bd-i, bd, bd+i; hence there are at least 
three vertices of P' are adjacent to ci, C2, but none is adjacent to s. As s, Ci, C2 ^ Q and P is disjoint from Q, 
we obtain an AT (s : Ci, C2 : 1', B', r'), where B' C P', in G — Q, which is impossible. □ 

□ 

As a matter of fact, if we are set to remove any vertex v, we actually remove all vertices in the nontrivial 
module that contains v. In particular, the set X specified in Lemma [831 is a nontrivial module. 

Finding the AT required by Lemma [831 and branching on the deletion of one the 10 vertices completes 
the proof of Theorem 12.41 

Proof ( of Theorem \2.4h Based on Lemma [83] it suffices to show how to find such an AT, and then the 
standard branching will deliver the claimed algorithm. For each seven vertices, we can check whether or 
not there is an AT T such that they are {s, Ci, C2, bo, bi, bd, bd+i} of T. Therefore, in 0(n®) we can check all 
combinations. On the other hand, since there are at most n nodes in the central path, there is a quadratic 
bound on the number of minimal segments. Now that we have such a minimal segment, the short base B 
can be easily found and thus we obtain the AT required by Lemma [83] □ 



9 Concluding Remarks 

We have presented an tl^'^' • lO'^ algorithm for INTERVAL DELETION, and thus classified it to be FPT. The 
runtime of our algorithm should be contrasted with the currently best algorithm of runtime n'-''^^ ■ k^'' 
for INTERVAL COMPLETION |[22l . which, as common sense holds, should be easier than interval deletion. 
Whereupon it is nature to ask the existence of an n°'^' • time algorithm for interval completion; in 
particular, whether or not our approach can be applied to interval completion in some way? Another 
interesting comparison is with the chordae deletion, which still lacks a constructive FPT algorithm. 

For INTERVAL DELETION, the Constant c = 10 in the runtime n°'^' • of our algorithm might be improv- 
able. The constant 10 is determined by two branching steps that each branch into up to 10 instances. Let us 
briefly discuss the possibility of improving them. The first branching is on the small forbidden induced sub- 
graphs where we destroy them in the simplest way. This might be improved using more careful manipulation 
and analysis. The other branching is conducted on asteroidal triples, where the graph is already chordal. 
As we have a linear organization of the central path and all asteroidal triples, dynamic programming might 
help here. Can it be improved to c = 2? 

It is known that interval completion can be solved in polynomial time if the input graph is a circular- 
arc graph |[T6]| . It would be interesting to inquire the complexity of interval deletion and interval 
completion when the input graph is restricted to chordal graphs. Or at least, can it be solved in polynomial 
time if the input graph contains neither small asteroidal triples nor holes and every shallow terminal in 
it is simplicial, hence greatly improving Theorem 12.41 This, if positively answered, will imply that all the 
troubles are small forbidden subgraphs. We also leave it open for the interval edge deletion problem, 
which instead asks for a set of k edges whose removal makes an interval graph. The obstacle here lies in 
the phase of breaking hole, where we no longer have a good bound for the number of edge hole covers for 
congenial holes. 
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Appendix: Examples Used in Proofs 



X S X s 




(c) X ~ s but X y B (d) X - s but x y B (e) x - Ci but x y C2, 1 

Figure 6: A neighbor (x) of the shallow terminal that is not adjacent to the center (c or C2) 

Lemma l5.ll 



s V s V s V 




(d) t-AT, X ~ I, T (e) t-AT, x y I, and x - r (f) t-AT, x y I, r 

Figure 7: A common neighbor x of B that is not adjacent to a neighbor v of s 

Lemma l5.ll 
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(c)xyi,bi. 



Figure 8: (x) is adjacent to both the shallow terminal (s) and the base B 

Lemma l5.ll 



s 




(a) Ti = (s :c:l,B,r) (h) Tj = (s : d, Ca : I, B, r) 

T2 = (r : bd : s, B', r'). T2 = (r : C2, ba : s, B', r'). 



NOTES 

• s can be replaced by any bi (i ^ d — 3) in T2; 

• similarly, r can be replaced by any b • (i ^ 4) in Ti ; 

• In (b), (r : C2 : 1, B', r') also makes an |-AT. 

Figure 9: Interaction between ATs 
Ti edges in black, T2 edges in blue, and shared edges in red. 
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